Applying an improved approximation scheme to the centrifugal term, the approximate analytical 
Introduction
The search for exact solution of the Schrödinger equation (SE) for arbitrary angular momentum states has been an important research area since the birth of quantum mechanics. However, for most potentials, exact analytical solutions of SE are known only for zero angular momentum states. For nonzero ones the corresponding SE can only be solved approximately using a suitable approximation scheme. For the exponential-type potential the most general approximation is based on the use of a secondorder exponential expansion of the centrifugal term about * E-mail: stanek@amu.edu.pl a suitably chosen equilibrium coordinate. This method, originally proposed by Pekeris [1] , has been used to obtain approximate analytical expressions for the energy levels and wavefunctions for the rotating Morse oscillator. For the other exponential-type potentials such as Eckart, Hulthén, Pöschl-Teller, Rosen-Morse, Tietz or ManningRosen, many authors have used the approximation scheme suggested by Greene and Aldrich [2] taking the centrifugal term as 1/ 2 ≈ 0 − / / 1 − − / 2 , where 0 is an adjustable parameter. Although using this approximation scheme the corresponding SE can be solved in a closed form for many exponential-type potential models it is valid only for high values of the parameter i.e., for small values of / . A better approximation scheme was proposed by Badawi et al. [3] . They introduced the centrifugal term in a form formally homogeneous to the original potential to keep the factorizability of the corresponding SE. By equating the rotational term to the expression
(1) where parameters can be determined as a function of the specific potential parameters, they showed that direct factorization becomes possible for potentials like MorsePekeris, Rosen-Morse, Manning-Rosen or Tietz. A similar expansion has been used by Lu [4] or Ikhdair and Sever [5] for the empirical potential suggested by Schiöberg or for the Hulthén potential by Jia and collaborators [6] . It has also been applied by Ikhdair and Sever [7] to the Manning-Rosen potential. Although expansion (1) has proved its power and efficiency when compared with that proposed by Greene and Aldrich it does not lead to a solution in closed form for all exponential-type potentials. For the Eckart-like potential (EP) considered here, an analytical approximation to the -wave solution of SE has been obtained by Dong et al. [8] using the conventional approximation scheme developed by Greene and Aldrich. Following the same approximation scheme, an approximate solution of SE and its parity-time-symmetric version of the EP was investigated by Zhang et al. [9] using the Nikiforov-Uvarov method. The scattering state solution and the phase shifts were derived in a paper by Chen et al. [10] , whereas the relativistic bound state solutions for EP have been proposed by Liu et al. [11] . Following these papers it is easy to notice that the results are in good agreement with the accurate numerical ones only for short-range potentials. It means that the Greene and Aldrich approximation scheme for the centrifugal term is valid only when the potential parameter is large. Recently, Tașkin and Koçak [12] investigated the same model using an approximation scheme similar to (1). They obtained quite accurate results, particularly for small values of the screening parameter , but with coefficients (denoted there as λ and ξ) taken as adjustable parameters. In this paper we propose a modified approximation scheme similar to the one proposed by Lu [4] and where the coefficients are to be determined as a function of the potential parameters depending on the vibration-rotation state considered. We first calculate , i.e. the value of , which yields the minimum of the effective potential by solving numerically a transcendental equation V ( ) / = 0. Next, by expanding a new exponential variable in a Taylor's series about -dependent equilibrium, truncating this series after the second term and comparing it with Eq. (1) we obtain the -dependent parameters. Finally, by using expansion (1) we solve the corresponding SE in terms of the generalized hypergeometric functions. In order to verify the accuracy of our approximation scheme, we calculate the energy eigenvalues and eigenfunctions of bound states for the Eckart-like [13] potential defined by
where the parameters α and β describe the depth of the potential well, while the parameter is related to the range of the potential, and compare them with the results obtained by numerical and other methods. The rest of the paper is organized as follows. In the next Section, applying the improved approximate scheme to the centrifugal term we present the bound state solutions and the normalized radial wave functions of the Eckart-like potential for the arbitrary angular momentum number. In Section 3, our results are compared with the best results published by Tașkin et al. [12] and the accurate numerical ones [16] . Concluding remarks are given in Section 4.
Bound state solutions of the Eckart potential for arbitrary angular momentum number
The SE for a central molecular potential V ( ) can be written as ) is a spherical harmonic function, we obtain, after separating the angular part, the radial SE
Here, the effective potential V ( ) is defined as a sum of the Eckart potential and the centrifugal term
Obviously, Eq. (4) can be analytically solved only for the -wave case ( = 0). For the = 0 states we must use approximate methods. Here, we apply the improved approximation scheme for the centrifugal term introduced by Lu [4]
where = / . Inserting (5) and (6) into equation (4) allows us to obtain
where
Introducing a new variable = − and setting = Eq. (7) can be rearranged as 2 2 ( )
where we used the dimensionless parameters given by
Because the regular singular points here are at = 0 and = 1, we take the following trial solution for ( ) 
whose solution are nothing but the hypergeometric function [14] ( ) = 2 F 1 (A B; C ; )
where the parameters A, B, C are given by
. Considering the boundary condition, i.e., ( ) tending to finite value when → 0 the allowed solution is only
where ( ) denotes the Pochhammer symbol given by
From the properties of the hypergeometric function the series (14) approaches infinity unless A = λ + δ − ρ is a negative integer. Hence, the eigenfunction ( ) is not finite everywhere unless
from which we have
Substitution of Eq. (9) into Eq. (17) leads to the following energy eigenvalues
Using Eq. (13), we can write the radial eigenfunction as
where N is the normalization constant which can be calculated from the normalization condition
Putting the wave function (Eq. (19)) into Eq. (20) and using the series expansion in Eq. (14) we obtain
The definite integral in Eq. (21) 
Before we get the energy eigenvalues we have to obtain the coefficients 0 , 1 and 2 . We can use a different methods to determine them. The well-known approach, mentioned above, follows from the Pekeris model where the centrifugal term 1/ 2 is expanded as a Taylor series of the exponential variable = − / around the potential minimum. It is easy to show that EP has a minimum value
However, the expansion around 0 is only valid for lower vibrational energy states [17] . Bearing in mind that the energy eigenvalues are mainly determined by the behaviour of the effective potential in the region near the -dependent minimum point of the potential, we can obtain better results by expanding the centrifugal term 1/ 2 around the -dependent minimum . Unfortunately, for the effective potential considered here, we can get only approximately by solving the equation V ( ) / = 0 numerically. After determining the -dependent minimum , we start by writing
where ∆ = − . Expanding the right-hand side of Eq. (24) in a series around ∆ = 0 up to second order in ∆ we obtain
(25) On the other hand, if we write the approximation (6) used for the centrifugal term as
and expand it in a Taylor series around ∆ = 0 to the second order of the ∆ we get
By equating terms of like powers in Eqs. (25) and (27) 
Results
To verify the accuracy and the effectiveness of our approximation scheme we have calculated the bound state energy eigenvalues (−E ) for a given principal quantum = + + 1 and angular quantum number , with two values of the parameter β, and various values of the parameter α = 1/ . Our results were compared with those obtained numerically by Lucha and Schöberl [16] with the help of the MATHEMATICA package and those obtained by Tașkin and Koçak [12] . All results are shown in Table 1 and 2 together with the relative errors using
. Most of the relative errors for the eigenvalues are less than 1%. Although the errors increase a We found two misprints in Table 1 and 2 of Ref. [12] which are corrected here. 
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when the α = 1/ parameter increases, it is evident that present results are in better agreement with those obtained numerically than the previous ones. The accuracy of the present model results in up to 10-300 times better agreement than the estimations provided by [12] . Consequently, it confirms the validity and usefulness of our approximation scheme. What is more, the present method is not only accurate but quite simple and computationally efficient.
Concluding remarks
By using an improved approximation scheme to deal with the centrifugal term, we investigated the bound state solutions of the Schrödinger equation with the Eckart potential for arbitrary angular momentum quantum number. The bound state energy eigenvalues and the normalized radial wave functions were obtained in terms of generalized hypergeometric functions. It was shown that the present results are in better agreement with those obtained by using a numerical integration approach than the other analytical results obtained by using the conventional approximation to the centrifugal term. The method presented in this paper is accurate and a systematic. It can be successfully applied not only to the model considered here, but also to other exponential-type potentials.
